Abstract: This manuscript deals with the existence theory, uniqueness, and various kinds of Ulam-Hyers stability of solutions for a class and coupled system of fractional order differential equations involving Caputo derivatives. Applying Schaefer and Banach's fixed point approaches, existence and uniqueness results are obtained for the proposed problems. Stability results are investigated by using the classical technique of nonlinear functional analysis. Examples are given with each problem to illustrate the main results.
Introduction
Fractional order differential equations (FODE) are generalizations of ordinary differential equations to an arbitrary order. The aforesaid equations have obtained considerable attention from researchers because of their ability to model different complex phenomena. The foregoing equations capture nonlocal relations in space and time with power-law memory kernels. Due to the widespread applications of FODE in science and engineering, research in this field has grown significantly all around the world. The aforesaid equations arise in many disciplines of science and engineering as the mathematical modeling of systems and processes in the fields of biophysics, blood flow phenomena, signal and image processing, polymer rheology, control theory, the electrodynamics of a complex medium, physics, aerodynamics, economics, chemistry, etc. For details, see [1] [2] [3] [4] [5] [6] [7] and the references cited therein. However, the theory of boundary value problems for nonlinear FODE remains within the initial stages, and plenty of aspects of this theory have to need to be explored.
The research area, that is most ideal within the field of FODE and has received extraordinary interest from researchers, is devoted to the existence theory of solutions. Several researchers have built up some attention-grabbing results of the existence of solutions to boundary value problems for FODE by using standard fixed point theorems. For a detailed study, see [8] [9] [10] and the references cited therein. However, the study of coupled systems of differential equations of different orders is also very significant because this kind of system appears in different problems of an applied nature; see [11] [12] [13] [14] [15] [16] [17] [18] [19] and the references cited therein. Ahmad and Nieto [20] studied the existence of the solution to the following nonlinear FODE involving the Caputo derivative of fractional order, by using the Leray-Schauder degree theory:
c D p u(t) − α(t, u(t)) = 0; t ∈ J , u(t) t=0 = −u(t) t=T , u (t) t=0 = −u (t) t=T , where 1 < p ≤ 2, J = [0, T] with T > 0, and α : J × R → R is continuous.
The implicit FODE represent a very important class of differential equations. This manuscript is motivated by the importance of implicit ordinary differential equations of the form: α(t, u(t), u (t), . . . , u (n−1) (t)) = 0 under different initial and boundary conditions. Implicit equations have been considered by many researchers; see [21] [22] [23] [24] [25] and the references cited therein. Many researchers have extended the above results to the foregoing equations by the use of different fixed point approaches. Recently, some existence results for an implicit FODE on compact intervals have been: Benchohra and Lazreg [26] , who investigated the existence results for the following nonlinear implicit FODE involving the Caputo derivative of fractional order:
c D p u(t) − α(t, u(t), c D p u(t)) = 0; t ∈ J , u(t) t=0 = u 0 , u(t) t=T = u 1 , where 1 < p ≤ 2, J = [0, T] with T > 0, u 0 , u 1 ∈ R, and α : J × R × R → R is continuous. For more examples, the reader may see [27, 28] and the references cited therein. Another area of research, which has received considerable attention from researchers, is the Ulam-Hyers stability analysis of the differential equations and their different kinds. The aforesaid stability was first introduced by Ulam [29] in 1940. The problem posed by Ulam was the following: "Under what conditions does there exist an additive mapping near an approximately additive mapping?". A significant breakthrough came in 1941 when Hyers [30] gave an answer to Ulam's problem in the case of Banach spaces: Let E 1 , E 2 be real Banach spaces and > 0. Then, for each mapping α : E 1 → E 2 satisfying:
for all u, y ∈ E 1 , there is a unique additive mapping χ : E 1 → E 2 with:
Afterward, this type of stability was known as the Ulam-Hyers stability. In addition to the aforesaid investigations, many researchers have investigated the Ulam stability for differential equations of different orders; see [31] [32] [33] [34] and the references cited therein. The mentioned stability analysis is extremely helpful in numerous applications, for example numerical analysis and optimization and so forth, where it is very difficult to find the exact solution of a nonlinear problem and to provide a bridge between numerical and analytical solutions. The aforementioned stabilities [35] for FODE are rather significant in practical problems, economics, biology, and numerical analysis. For examples, see [36] [37] [38] [39] [40] and the references cited therein. Furthermore, the fractional order system may have an additional attractive feature over the integer order system. Let us suppose the following example to show which one is more stable in the aforementioned (fractional order and integer order) systems.
Example. [41] Example 1. We have the following two systems with initial condition u(0) for υ ∈ (0, 1),
Then, the analytical solutions of (1) and (2) are t υ + u(0) and
+ u(0), respectively. Clearly, the integer order system (1) is unstable for 0 < υ < 1. However, the fractional dynamic system (2) is stable for each 0 < υ ≤ 1 − p. Therefore, the fractional order system may have better features than the integer order system. Benchohra and Lazreg [42] investigated the existence and different kinds of Ulam-Hyers stability for the following nonlinear implicit FODE involving the Caputo derivative of fractional order:
Ali et al. [43] investigated existence theory and different kinds of Ulam-Hyers stability for the following nonlinear implicit FODE involving the Riemann-Liouville fractional order derivative:
where 1 < p ≤ 2 and J = [0, T] with T > 0, a, b = 1, and α : J × R × R → R is continuous. Currently, mathematicians have devoted their work to the investigation of various kinds of Ulam-Hyers stability for coupled systems of FODE. For details, see [44] [45] [46] [47] [48] . Currently, to the best of our knowledge, very few papers can be found in the literature in which the authors studied the existence theory and different kinds of Ulam-Hyers stability for the aforesaid system of nonlinear implicit FODE. Ali et al. [49] investigated existence theory and different kinds of Ulam-Hyers stability for the following implicit coupled system involving the Caputo derivative of fractional order:
where J = [0, 1], 2 < p, q ≤ 3, 0 < τ, ς < 1, and α, χ : J × R × R → R are continuous functions. Motivated by the aforesaid discussion, in this manuscript, our target is to study the existence, uniqueness, and different kinds of Ulam-Hyers stability for the following nonlinear implicit FODE involving the Caputo derivative of fractional order:
where 3 < p ≤ 4, J = [0, T] with T > 0, and α : J × R × R → R is a continuous function. Furthermore, we investigate the same aforementioned analysis for the proposed implicit coupled system involving the Caputo fractional order derivative. The proposed system is given by:
The structure of the manuscript is as follows: In Section 2, we present some basic materials needed to prove our main results. In Sections 3 and 4, we set up some adequate conditions for the uniqueness, existence, and various kinds of the Ulam-Hyers stability of solutions to the proposed problems (3) and (4), respectively, by applying some standard fixed point principles mentioned in the Abstract. An example to illustrate our results is presented with each proposed problem in the concerned section. In Section 5, we present the conclusion of the manuscript.
Preliminaries
Here, we present some basic definitions and auxiliary results, which will be used throughout the manuscript. The following definitions are adopted from [2] . Definition 1. The Riemann-Liouville fractional integral of order p > 0 for a continuous function u : R + → R is defined as:
provided the integral exists.
Definition 2.
Let u : R + → R be an at least n-times continuously differentiable function, then the fractional derivative of order p ∈ R + in the sense of Caputo is defined as: 
is given by:
where n = [p] + 1 and i = 0, 1, . . . , n − 1.
The following theorems are adopted from [43] .
Theorem 1. (Schaefer's fixed point theorem)
. Let E be a Banach space. Suppose that the operator F : E → E is a continuous compact mapping (or completely continuous). Moreover, suppose:
is a bounded set. Then, F has at least one fixed point in E .
Theorem 2. (Banach's fixed point theorem)
. Let B be a non-empty closed subset of a Banach space E . Then, any contraction mapping F of B into itself has a unique fixed point.
Existence, Uniqueness, and Stability Results for (3)

Existence and Uniqueness Results
This section deals with the existence and uniqueness of solutions for the problems (3).
Lemma 2.
Suppose β ∈ C (J , R), then the equivalent Fredholm integral equation of:
where Green's function G p (t, s) is given as:
Proof. Using Lemma 1, we have:
Applying the boundary conditions (6), we get the following values:
Therefore, (6) becomes:
where Green's function G p (t, s) is given in (5).
Therefore, in view of Lemma 2, the solution of the proposed problem (3) is equivalent to the following integral equation:
We use the following notion for convenience:
Hence, (7) becomes:
Lemma 3. Green's function G p (t, s) has the following properties:
Proof. (A 1 ) : Green's function will always be continuous on J × J . (A 2 ) : Due to Green's function, we have:
so, we get:
.
Suppose E = C (J , R) is a Banach space endowed with given norm:
If u is the solution of the problem (3), then:
Now, to transform the problem (3) into a fixed point problem, define an operator F : E → E as:
where v ∈ E . In the sequel, we need the following hypothesis:
Hypothesis 1 (H1). For every t ∈ J and u, u, v, v ∈ R, there are constants 0 < L α < 1 and K α > 0, such that:
The first result is based on Theorem 1 and concerned with the existence of solutions for the problem (3).
Theorem 3.
Let the hypothesis H1 hold, and if Q < 1, then the problem (3) has at least one solution in E .
Proof. Consider the operator F defined in (9) , and suppose a(t) = α(t, 0, 0) with a * = max t∈J α(t, 0, 0) where a * < 8 . We have to show that the problem (3) has at least one solution. Suppose the operator F is continuous, and consider a sequence {u n } such that u n → u in E and t ∈ J , then:
where v n , v ∈ E and :
By utilizing H1, we have:
and we obtain:
Since we supposed that u n → u, then v n → v as n → 8 for each t ∈ J , by the Lebesgue dominated convergence theorem, (10) implies that:
Therefore, F is continuous. Now, we show that F is bounded in E . Therefore, for any ξ * > 0, there is R E > 0, such that:
then, we have:
Taking the absolute of (9), it becomes:
Now, by H1, we have:
Therefore, we get:
By using (12) and (A 2 ), (11) becomes:
, which implies that:
Hence, F (E) is uniformly bounded. Now, we show that the operator F is equicontinuous in E . Suppose 0 < t 1 < t 2 < T, and let u ∈ E, then:
by using (12), we get:
The right-handed side of (13) tends to zero, when t 2 → t 1 . Thus, F is equicontinuous and therefore completely continuous. Finally, we consider a set B ⊂ E , which is defined as:
We need to prove that the set B is bounded. Suppose u ∈ B, such that:
, where κ ∈ (0, 1).
Then, for every t ∈ J , we have:
Now, by H1 for t ∈ J ,
Plugging (15) in (14) and taking the maximum on both sides, it becomes:
For simplicity, let:
Therefore, (16) becomes:
We obtain:
Hence, B is bounded. Thus, by Theorem 1, we get that the operator F has at least one fixed point. Therefore, the considered problem (3) has at least one solution in E .
The following result is based on Theorem 2 and concerned with the uniqueness of solutions for the problem (3).
Theorem 4.
Suppose that the hypothesis H1 holds. In addition, assume that:
Then, the problem (3) has a unique solution in E .
Proof. Suppose u, u ∈ E , and for t ∈ J , we have:
where v, v ∈ E , such that:
By use of H1, we have:
Thus:
Therefore, (18) becomes:
Now, taking the maximum on both sides, we get:
Hence, the operator F is a contraction. Thus, F has a unique fixed point, so the problem (3) has a unique solution.
Ulam Stability Results
In this section, we introduce Ulam-Hyers stability concepts for the problem (3). The following definitions were adopted from [50] .
Let > 0, α : J × R × R → R be a continuous function and ϑ : J → R + nondecreasing. Consider the following inequalities.
Definition 3. Problem (3) is called Ulam-Hyers stable if there is C p ∈ R + such that for each > 0 and each solution u ∈ E of (19), there is a solution v ∈ E of (3) with:
Definition 4. Problem (3) is called generalized Ulam-Hyers stable if there is
such that for each solution u ∈ E of (19), there is a solution v ∈ E of (3) with:
Definition 5. Problem (3) is called Ulam-Hyers-Rassias stable with respect to ϑ if there is C ϑ ∈ R + , such that for each > 0 and each solution u ∈ E of (21), there is a solution v ∈ E of (3) with:
Definition 6. Problem (3) is called generalized Ulam-Hyers-Rassias stable with respect to ϑ if there is C ϑ ∈ R + , such that for each solution u ∈ E of (20), there is a solution v ∈ E of (3) with:
Remark 1.
A function u ∈ E is a solution of (19) if there is ω α ∈ E (dependent on u), such that:
Lemma 4. If u ∈ E is the solution of the inequality (19) , then u will be the solution of the following inequality:
Proof. Let u be the solution of Inequality (19) . Then, by (b 1 ) of Remark 1, we have:
Then, the solution of (22) is given as:
For simplicity, let m(t) be used for the terms that are free of ω α , so we have:
Therefore, (23) can be written as:
By using (b 2 ) of Remark 1, we get:
Theorem 5.
Suppose the hypothesis H1 and:
hold. Then, Problem (3) will be Ulam-Hyers stable and generalized Ulam-Hyers stable.
Proof. Suppose u ∈ E is any solution of the inequality (19) and v is the solution of the considered problem (3), then:
Let:
Utilizing Lemma 4 in (25), we have:
We get:
For y u , g v ∈ E , where:
By H1:
For t ∈ J and utilizing (27) , (26) implies that:
After simplification, we get:
. Thus, we have:
where:
Thus, the problem (3) is Ulam-Hyers stable. Now, by putting Ψ( ) = C p , Ψ(0) = 0 yields that the problem (3) is generalized Ulam-Hyers stable. This completes the proof.
Hypothesis 2 (H2).
Suppose an increasing function ϑ p ∈ (J , R + ) and t ∈ J . Then, there is µ ϑ,p > 0, such that the given integral inequalities:
holds.
Remark 2.
Under the hypotheses H1 and H2 and condition (24), Problem (3) will be Ulam-Hyers-Rassias and generalized Ulam-Hyers-Rassias stable.
Example
Example 2.
where p = 7 2 and T = 1. Now, for any u, u, v, v ∈ R and t ∈ [0, 1], we get:
Therefore, H1 is satisfied with
in (17); we get: 
Existence, Uniqueness, and Stability Results for (4)
Existence and Uniqueness Results
In this section, we will investigate coupled systems of nonlinear implicit FODE.
Lemma 5.
For any β, γ ∈ C (J , R), then the problem:
has a solution if and only if:
where G p and G q are Green's functions as given by:
Proof. The proof is similar as given in Lemma 2.
Let E = u(t)| u ∈ C (J ) be a Banach space endowed with a norm defined as u E = max t∈J u(t) . Similarly, the norm defined on the product space is (u, y) E ×E = u E + y E . Obviously, E × E , (u, y) E ×E is a Banach space.
Definition 7.
(u, y) ∈ E × E is said to be a solution of the system (4) if (u, y) satisfies the system c D p
Therefore, in view of Lemma 5, the solution of the proposed system (4) is equivalent to the integral equations given by:
We use the following notions for convenience:
Hence, (30) becomes:
where v, z ∈ E satisfies the implicit functional equations.
Lemma 6.
We use G p,q (t, s) = G p (t, s), G q (t, s) as the Green's function of the proposed system (4), having the following properties:
Proof. The proofs are similar as given in Lemma 3.
For computational convenience, we introduce the following notations:
Now, System (4) transforms into a fixed point problem. Therefore, in view of Lemma 5, an operator F : E × E → E × E is defined as:
Then, the solution of the proposed system (4) coincides with the fixed point of the operator F , where:
and:
In the sequel, we need the following hypothesis:
Hypothesis 3 (H3). For every t ∈ J and y, v, y, v ∈ R, there are constants
Similarly, for every t ∈ J and u, z, u, z ∈ R, there are constants
The following result is based on Theorem 1 and concerned with the existence of solutions for the problem (4). Theorem 6. Suppose the functions α, χ : J × R × R → R are continuous and hypothesis H3 hold. In addition, it is assumed that:
Then, there is at least one solution for the proposed system (4).
Proof. Since α, χ, G p (t, s) and G q (t, s) are continuous, so the operator F : E × E → E × E is also continuous. Suppose a 1 (t) = α(t, 0, 0) with a * 1 = max t∈J α(t, 0, 0) and a 2 (t) = χ(t, 0, 0) with
We have to show that F (E) ⊂ E, where:
Then, for every v ∈ E, we have:
Now, by using (31) and H3 in (36), we get:
with y ≤ ξ p . In the same fashion, we obtain:
where
with u ≤ ξ q . Thus, from (37) and (39), we get:
which implies that:
Thus, the operator F is uniformly bounded. Next, we show that the operator F is equicontinuous.
Suppose 0 < t 1 < t 2 < T and u ∈ E, then:
by using (38), we get:
In the same fashion and by using (40), we can show that:
The right-hand sides of (41) and (42) tend to zero, when t 2 → t 1 . Therefore, by the result, we infer that F is equicontinuous and hence uniformly equicontinuous. Therefore, the operator F is completely continuous. Finally, it will be verified that the set:
is bounded. Suppose (u, y) ∈ B, then by definition (u, y) = κF (u, y). Now, for u ∈ B, then in a similar way as in Theorem 3 and by using H3, we have:
Similarly, for y ∈ B, we can obtain:
From (43) and (44), it is implied:
Consequently,
for any t ∈ J , and set B is bounded. Hence, by Theorem 1, the operator F has at least one fixed point. Thus, the proposed system (4) has at least one solution on J .
The following result is concerned with the uniqueness of solutions for the problem (4) and is based on Theorem 2. Theorem 7. Suppose the hypothesis H3 holds and if:
Then, the proposed system (4) has a unique solution on J .
Proof. Let u, u ∈ E , and consider:
By using H3:
Put (47) in (46) and taking max on both sides over J , we get:
In the same fashion, we can obtain:
Therefore, from (48) and (49), we get:
Lemma 7. Consider (u, y) ∈ E × E to be the solution of the inequality (50), then:
Hence, this completes the proof.
Theorem 8.
Under the hypothesis H3 and if:
holds, then the proposed system (4) is Ulam-Hyers stable.
Proof. Suppose (u, y) ∈ E × E is the solution of the inequality (50) and ( , σ) ∈ E × E is the solution to the given system:
Then, in view of Lemma 1, the solution of (61) is:
Consider:
where v, v ∈ E , are given:
We obtain the following:
Using (31) and (63) in (62), we get:
After using (33) in (64), we have:
and similarly, we use (34), we get:
where z, z σ ∈ E ; we have: z(t) = χ(t, y(t), z(t)), z σ (t) = χ(t, (t), z σ (t)).
From (65) and (66), we write:
Solving the above inequality, we have:
Further simplification gives:
from which we have:
Let max p , q = , then from (67), we have:
Remark 4. By setting Θ( ) = C p,q , Θ(0) = 0 in (68), then by Definition 9, the proposed system (4) is generalized Ulam-Hyers stable.
Hypothesis 4 (H4).
Suppose Ω p , Ω q ∈ (J , R + ) are increasing functions. Then, there are Λ Ω p , Λ Ω q > 0, such that for each t ∈ J , the given integral inequalities:
hold.
Remark 5.
Under the hypotheses H4 and (60) and by utilizing Definitions 10 and 11, then by the same process as in Lemma 7 and Theorem 8, System (4) will be Ulam-Hyers-Rassias and generalized Ulam-Hyers-Rassias stable. Hence, the system (69) has a unique solution. Moreover,
Example
Condition (60) is also satisfied. Thus, System (69) is Ulam-Hyers, generalized Ulam-Hyers, Ulam-Hyers-Rassias, and generalized Ulam-Hyers-Rassias stable.
Conclusions
We have successfully derived some essential conditions for the existence, uniqueness, and different kinds of Ulam-Hyers stability for the solutions of the considered problems (3) and (4). The required outcomes have been obtained by utilizing standard fixed point theorems mentioned in the Abstract. Additionally, we have set up some suitable conditions for different kinds of Ulam-Hyers stability of the solutions of the aforesaid problems. For the justification, we have presented an example for each problem that supported the main results.
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